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Abstract 

Polynomial relations for generators of su{2) Lie algebra in arbitrary repre- 
sentations are found. They generalize usual relation for Pauli operators in spin 
1/2 case and permit to construct modified Holstein-Primakoff transformations 
in finite dimensional Fock spaces. The connection between su{2) Lie algebra 
and q-oscillators with a root of unity q-parameter is considered. The meaning 
of the polynomial relations from the point of view of quantum mechanics on 
a sphere are discussed. 
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1 Introduction 



Quantum mechanics of spin systems plays outstanding role both in applications and devel- 
opments of new theoretical constructions and methods. The standard way of quantization 
of a spin systems is to consider spin components { Jjjf^^ as generators of su{2) Lie algebra 
and to use its well known representation theory. Theoretically more profound method 
describes spins as quantum mechanical systems with curved phase spaces which are orbits 
(spheres) of a group SU{2) in a space dual to the su{2) Lie algebra space. This construc- 
tion, in particular, permits to obtain quasi-classical approximation for spin systems in the 
limit of infinite spin value j, the inverse spin value 1/j playing the role similar to that of 
the Planck constant h for a Heisenberg-Weyl algebra. The fact that the phase space of a 
spin system is a sphere leads to the constraint 

EJ? = j(j + i), (1) 
1 

for any given representation labeled by a spin value j. The presence of the constraint 
causes computational difficulties in some cases and one of ways to resolve it, well known 
in solid bodies theory P| , is to express the spin operators Jj in terms of bosonic creation 
and annihilation operators b+, b with help of Holstein-Primakoff (HP) transformation 




(2) 



[b, b+] = 1 . 

This transformation considerably simplifies operator calculations but has two obvious 
shortcomings: (i) it contains square roots and forces to use series expansions for Hamil- 
tonians and any other expressions; {ii) though representation spaces for spin operators 
{su{2) algebra) has finite dimensions d = 2j + 1, the Fock space for b+,b operators is 
infinite dimensional one. Both these reasons show that HP transformation (|^) is correct 
when mean values N of excitation number operator N satisfy the condition N <^ j. 

From the other hand, for spin 1/2 case there is exact relation between spin operators 
Ji and Pauli matrices which satisfy anticommutation relation 

cT+cr- + a-cr+ = 1 . (3) 

Taking into account (^ one can put for j = 1/2 

J± = a±, J3 = N-i, N = a+a-. (4) 
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So one can use the elements with CR as spin 1/2 dynamical variables without 
any constraints. Moreover, these variables permit to consider the system as the result 
of the quantization of a "classical" mechanics with anticommuting variables and to 
construct path integral representation for the evolution operator of the system with help 
of integral over Grassmann anticommuting variables (see e.g. ||^). 

In this sense the j = 1/2 representation seems to be distinguished from any other and 
it is desirable to find appropriate generalization of the relations @, @ for any j. 

It is well known that q-oscillators |]^ for g-^ = — 1 [K is integer number) have finite 
dimensional Fock space, the dimension being dependent on the value of the parameter q. 
So it is natural to try to express the generators Jj in arbitrary but definite representation 
in terms of q-oscillator operators a+, a, N with defining relation 

aa^ — ga^a = q~^ (5) 

[N,a+]=a+, q^ = -\. (6) 

Note that because of the exponent in the RHS of (|^) the algebra of a+,a operators is 
non-quadratic. But if q-parameter is equal to root of unity, the relation is polynomial 
due to nilpotence of a+, a (finite dimensionality of the Fock space). One can check easily 
that for g^ = — 1 the relation (||) is equivalent to (0) and hence for j = 1/2 spin operators 
are expressed in terms of q-oscillator with g^ = —1. 
Fock space representation of (|3),(0) has a form H] 



a|n) = •\/[n]Jn- 1) , 

a+|n) = y^[n + l]> + l), (7) 
N|n) = n\n) , 

q^-q-"^ 

= — 

q-q 1 

Finite dimensionality of the Fock space follows from the fact that [K]q = if g^ = — 1. 

In we constructed path integral representations for the evolution operator of the 
q-oscillators. Thus the expression for spin components in terms of q-oscillator operators 
implies the construction of path integrals for higher spins dynamics. 

The aim of this letter is to present the relation between spin operators for arbitrary j, 
q-oscillators and other non-quadratic but polynomial algebras. In Conclusion we discuss 
the meaning of the obtained relations from the point of view of quantum mechanics on a 
sphere. 



2 Algebra su[2) and q-oscillators 

As we mentioned already, the CR for q-oscillator with g^ = — 1 are equal to the relations 
for the Pauli matrices. Let us consider the next value of integer parameter K for the q- 
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oscillators, i.e. = 3, and, hence, = — 1. In this case the Fock space is 3-dimensional 
and operator q^^ can be written in the form 

g-N = Co + Cia+a + Csa+'a^ . (8) 

Comparing the action of LHS and RHS of on arbitrary vector of Fock space one 
finds 

g-^ = l-ga+a-a+'a^ (9) 
Substitution of this relation in gives 

aa+ + a+^a^ = 1 . (10) 

This seems to be very natural generalization of relation for Pauli matrices. 
Representation of a"*", a in this case have very simple form 
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We immediately recognize in ([TI|) generators J± in spin 1 representation up to trivial 
rescaling. Now one can find N in the same way like 

N = a+a + a+^a^ , 

so that 

[a, a+] = 1 - N , 

and identify 

jj) = a+/V2 , jL'^ = a/V2 , ji^^ = (N - l)/2 , (12) 

where superscript index indicates the representation. 

As J± coincide with a+, a for K = 2,3 one can assume that analogous relations hold 
for all values of K. Unfortunately, this is not the case. Indeed, considering just the next 
value K = 4 one finds 

aa+ = 1 + (V2 - l)a+a - (v^ - l)a+'a^ + ( - 2)a^+a=' . 

But 

[a, a+] ^ A + BN 

for any constants A,B. 

Thus to establish the CR for 3±\ n > 1 one must consider more general polynomial 
algebras than q-oscillators. 
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3 Polynomial algebras with finite dimensional Fock 
space representations 

Consider general condition of p-dimensional Fock space representation for creation 
and destruction o: operators 

(13) 



a |0) = 

and write cx.ct^ in normal form that defines the CR 

p-i 

1=0 



(14) 



with the undefined so far constants Q. Acting on identity (|T^) by a from the left one 
obtains condition for Q. For example, in the case p = 4 the condition is (without 
restriction of generality one can always put Cq = 1 by rescaling of a, ck"*") 



+ + + + Cl + Cl + C2C3 + C2 + Ca + 1 = 



(15) 



Thus we have two parametric family of CR ([T^)- The obvious solution of ([T^) is 

Cl = C2 = , Cs = -1 , 

which corresponds to CR 



oior + or or 



1 . 



(16) 

This CR is similar to q-oscillator CR for the cases ii' = 2, 3. The representation of the 
CR (|16D is 



OL 
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(17) 



It looks like natural generalization of Pauli matrices cr^. It is tempting to suppose now 
that all algebras with CR 



OLOL 



OL OL' 
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have representations of the dimensions p + 1. This is true because it is easy to check 
that (^) is consistent with (^) indeed. The representation of (|TB|) is also straightforward 
generalization of the Pauli matrices cr^, representations (|ll|) and ([17D for p = 2 and p = 3 

cases 

(a+)jj = (5ij_i , (a)ij = 5i_ij , i, j = 1, 1 . (19) 
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Unfortunately, the simplest possible form of creation and destruction operators (JT^) with 
CR (|TBp do not coincide with for n > 1. Excitations number operator N has the form 

N = X^a+'a' (20) 
1=1 

and as in the case of q-oscillators for i^' > 3 

^ A + BN 

for any A, B. 

There are two ways to overcome the problem. We can use the algebra (plSf ) and 
construct polynomial relations between J± and q:+, ol. This is analogous to the Holstein- 
Primakoff transformation but with two crucial distinctions which remove the shortcomings 
of the original HP transformation: both sets of operators act now in the same Fock space 
and the transformation we shall construct does not contain square roots. So a priori there 
are no needs in any approximations. 

We illustrate the construction on the example of p = 4. The generalization to the 
higher values of p is straightforward. 

Well known representation of generators J± have a form 

J+l^) = ln+i\n + 1) , J_|n) = 7„|n - 1) , (21) 
7„+i = ^(2j-n)(n + l)/2 . 

Due to finite dimensionality of the Fock space (nilpotence of a, ol^) one can write 

i+ = (x^{Dq + Dicx^(x + D2cx'^^cx'^) . (22) 
Acting by J+ in the form ( p2D on Fock space vectors and comparing with ( [21| ) one obtains 

J+ = OL^ 7i + (72 - 7i)Q;+a + (73 - 72)01+^0;^ . (23) 

Generator J_ can be found by hermitian conjugation J_ = (J+)^ and generator J3 by 
commutation of J_|_ and J_ 

J3 = ^[J+,J-]=N-^, 

where N is defined by (pO|). 

Another way to express J± generators through creation and destruction operators is 
to consider more general solution of (pTSj) together with conditions 

[a, a+] = A + 5N , (24) 
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[N, a+] = A+ , (25) 

where 

N = Fia+a + Faa+'a^ + Fga+^a^^ . 

After straightforward but lengthy calculations one finds that the equations (p!5D,(p4D and 
have the unique solution 

aa+ = 1 + -a+a - -a+'a^ - -a+^a^ , (26) 



3 3 
1^ 

2' 



N = a+a + ia+^'a^ + a+^'a^ 



A = l B = -- 
3 

Trivial rescaling J+ = v^a+, J_ = y/Sa and definition J3 = N — | turns (0), ( P^D into 
the CR of Lie algebra su{2). The algebras for higher spins representations can be found 
analogously. 



4 Conclusion 

We studied the closed algebras of su{2) generators J± in arbitrary representations, sug- 
gested two methods to find them and presented explicit formulas for j = 1 and j = 3/2 
cases. The algebras of J^^^ for j = 1 case coincides with those for q-oscillator , q-parameter 
being a third root of minus unity = —1. From the other hand this algebra looks like nat- 
ural generalization of the algebra of cr^ Pauli matrices. The algebras of 3± for j 7^ 1/2, 1 
do not coincide with standard q-oscillators. Instead, we suggested natural generalization 
of the CR in the form (|18]) 

aa"*" + ct~^^a^ = 1 

and proved that it has representation in p-dimensional Fock space of the very simple 
form (|19|). There are polynomial relations between J± and CK-operators which can be 
considered as improved Holstein-Primakoff transformations. 

It is instructive to discuss the connection between expression for a su{2) algebra gen- 
erators in terms of oc, Q:+-operators and well known Jordan- Schwinger representation |Q 

J+ = b+b2 , J_ = b+bi , J3 = l(ni - n2)/2 , Ui = hfhi , (27) 

where b^, bj (2 = 1, 2) are two pairs of Bose creation and destruction operators with the 
usual "flat" CR 

[b,,b+] = 5,, ^,j = l,2. (28) 

From the point of view of quantization on a Lie algebra su{2) this representation can be 
understood as embedding of the three dimensional space su{2) with singular symplectic 
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form in the four dimensional phase space of the two oscillators. The latter can be quantized 



in the usual way (pH]). Note that the general method of quantization of systems with 
curved phase space via embedding in higher dimensional flat phase space was considered 
in 1^. In a sense this way is opposite to that considered in |^ where the classical mechanics 
on su{2) is restricted to two dimensional sphere and then quantized. 

The restriction of the algebra of all operators generated by bj, to those generated 



by J±, J3 according to (|27D leads to the two main results from the point of view of rep- 
resentations in Hilbert spaces: [i) the whole Fock space for the two oscillators becomes 
reducible for the subalgebra; (m) some operators of the subalgebra become proportional 
to unity in irreducible subspaces. The first fact leads in turn to finite dimensional Hilbert 
spaces of the spin systems and, hence, to the absence of a classical limit for them. The 
second fact is well known for the Casimir operator C = . It is central element of 

the subalgebra and so proportional to unity in any irreducible representation. However, 
as we have shown in this paper, for any given representation there is another operator 
constructed from J± which is equal to unity. For example, for the two dimensional repre- 
sentation this is the operator J_ J_|_ + J+J_, for the three dimensional one it has the form 
(1/2)J_J+-|- (1/4) J?, (according to (PUj), ([T^). For higher dimensional representations 
these operators can be obtained with help of relation ([T8|) for the q;+, cn-operators (one 
can easily express a^, ex. in terms of J± due to nilpotence). The crucial distinction from 
the Casimir operator is that these identity operators are different for different irreducible 
representations. Now we can further restrict the algebra to those generated by J± or 
a^,cx. operators only, with defining relation of the type (0). This can be interpreted as 
the reduction on a spherical phase space after quantization (as opposite to the scheme in 
[|I|] where the reduction is made before quantization). 

As a final remark, let us note that quantum mechanics for spin 1/2 can be considered 
formally as a quantization (central extension) of the "classical" Grassmann algebra 

zz + zz = 0, z'^ = z'^ = . 

In the same way, the quantum mechanics for higher spins can be considered as the quan- 
tization of the algebras with the following defining relations 

zz + z^zP = 0, zP+^ = zP+i = , 

which follows from (|^) and nilpotence of the operators ol. 
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